The Gibbs paradox, Black hole entropy and the thermodynamics of isolated horizons 
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This letter presents a new argument for considering the states of the quantum isolated horizon as 
distinguishable. It is claimed that only if the states are distinguishable, the entropy is an extensive 
quantity and can be well-defined. To show this, the comparison with a classical ideal gas system is 
explicitly given, whose statistical description makes only sense, if an additional 1/N\ is included in 
the state counting, curing the Gibbs paradox. The difference with the statistical description of a 
quantum isolated horizon is elaborated, to make the claim evident. 
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The present letter is organized as follows. The first 
section summarizes the basic statistical mechanics of a 
classical ideal gas focusing on the differences, which arise 
when particles are distinguishable or indistinguishable. 
This leads us to the Gibbs paradox. As a preparation for 
the following section the statistical formalism is general- 
ized. I invite the reader familiar with this terminology to 
skip the first section and go directly to the second. There, 
a summary of the state counting of the quantum degrees 
of freedom of a isolated horizon is given, switching then 
to the discussion of the properties of the entropy. The 
third section closes the letter with concluding remarks 
concerning the distinguishability of the quantum horizon 
states. 



I. Classical ideal Gas and the Gibbs paradox 

Let us briefly revise the derivation of the entropy S of 
a classical ideal gas in the canonical ensemble following 
[l[. The canonical partition function reads 



/ 3N 2 . 

Z(T,V,N) = ^exp(-pY:^) 



(1) 



wherein a classical microstate of this gas is specified by 
u = (x\, X3N, pi, ...,p3jv)- It is possible to exchange 
the sum over the microstates by an integral over phase 



space 



E 



i 



Nlh 3N 



dT, 



(2) 



where dT = d 3N x d 3N p and the well-known Gibbs factor 
1/N\ accounts for the indistinguishability of the particles. 
This is related to the fact, that the particles are non- 
localized. If they were localizablc, one could distinguish 
them by their sites. 
The calculation gives 



Z(T,V,N) 



N\ 



with the one-particle-partition function 

. / 2irmkT\ 3 ^ 2 



Z 1 = Z{T, V,1) = V 



(3) 



(4) 



Using the expression of the free energy F = —kTlogZ, 
S(T,V,N) — ~(^)v,n and Stirling's formula one ar- 
rives at 



S(T,V,N) = A^fclog 



V (2-KmkT 
N\ h 2 



3/2- 



-Nk (5) 



For the later reasoning it is convenient to rewrite this to 
S(T, V, N) = Nk(\ogV - \ogN + hogT + a), (6) 
with a = 3/21og(27rmfc//i 2 ) + 5/2. 

Now consider a canister of volume V containing a classi- 
cal ideal gas of N identical particles with entropy S. Let 
us divide the volume through insertion of a wall into two 
parts V\ and V2. 1 The particle density in each volume is 
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1 This is a special case of the mixing entropy problem. 



certainly constant 

p = N/V = Nx/Vi= N 2 /V 2 = const.. (7) 
This gives 

Si = N t k ^-logp + 3/21ogT + a) . (8) 

Adding up the entropy contributions of each part, one 

obtains Si + S 2 = Stot = S. 
Hence, 

AS = S - Stot = 0, (9) 

since the insertion of the wall is a reversible process. 
Now let us compare this elementary result with the case, 
where the particles arc considered to be distinguishable. 
Then the Gibbs factor 1/N\ is left out and one computes 
the entropy to give 

Si = Nik(logVi + 3/21ogT + a - 1). (10) 

Using this result, one finds that 

Stat = S 1 +S 2 ^S (11) 

and can explicitly be brought in the following form 

AS « fc(log((7V 1 +7V 2 )!)-log(7V 1 !)-log(7V 2 !)) ^ 0, (12) 

which is quite different from the above result ((9]). Here 
the entropy is simply not an extensive function, if the 
1/N\ factor is left out. Historically, Gibbs worked at 
first under the hypothesis, that the particles should be 
distinguishable and arrived at this paradoxical result. In- 
cluding the factor made the entropy extensive and cured 
the problem. Gibbs' introduction was certainly ad hoc 
but was later properly justified by means of quantum 
mechanics. 

The question arises, whether and how this argumen- 
tation can be applied to the case of quantum isolated 
horizons, consisting of a gas of topological defects, also 
called punctures. These are usually taken to be distin- 
guishable [|| and the usual Maxwell-Boltzmann statistics 
is applied. 

Before rushing ahead, let us generalize the above dis- 
cussion following [l[ , particularly with regard to the work 
done in Q . Let us consider a classical gaseous system of 
N non-interacting particles in a canister of volume V. 
The total energy, which is shared among the particles is 
E. The underlying statistical distribution is the Maxwell- 
Boltzmann statistics. If V is large, the energy spectrum 
is divided into energy cells. The jth cell has an average 
energy ej, is occupied by rij particles and for generality 
let dj denote the number of levels in the jth cell, also 
called the degeneracy of the level j. The total number of 
particles and the total energy constrain the distribution 
set {rij} 

^ =$>,-> E = Y, n ^- ( 13 ) 

3 3 



Let Wh, x denote the number of distinct microstates be- 

longing to the distribution set {n^} and let w(j) denote 
the number of distinct microstates belonging to the jth 
cell, then 

^f>=n^)=^n^- (i4) 

3 3 1 

Any of the rij objects are put independently of each other 
into any of the levels dj . The resulting states are consid- 
ered to be distinct and the number of these states is given 
by d™ 1 . Additionally, an exchange of particles in the same 
£j-cell shall not give new microstates and therefore one 
has the product of the n.,!-factors. The AH-factor shall 
express, that an exchange of two particles in different tj- 
cclls gives new microstates. This reflects the fact, that 
the particles are mutually distinguishable. On the other 
hand, if one assumes that an exchange of two particles 
in different e^-cclls does not give a new microstate, the 
iV!-factor is left out. 2 The particles are then considered 
to be indistinguishable. 3 
The entropy of the system is then given by 

S(E, N,V) = k logfi(E, N, V) = k log W {nj} \ , 

(15) 

where Q(E, N, V) is the number of distinct microstates, 
which are accessible to the system in the macrostate 
(E,N,V). The "— " on the summation symbol implies 
that the sum is restricted to distribution sets {nj}, which 
obey the conditions on N and E. It is possible to approx- 
imate the entropy to 

S(E,N,V) = k]og(W {n . } ), (16) 

wherein the distribution set {n*} maximizes W^ nj y under 
the conditions that E, N = const., which arc enforced by 
two Lagrange multipliers. The n*'s are interpreted as the 
most probable values of the distribution numbers nj and 
are given for distinguishable particles by 

n* = Ndje-^-ri (17) 

and for indistinguishable particles by 

n* = dje-^-ri, (18) 

respectively. Therein ft = 1/ kT and a is the chemical 
potential. 4 



2 This is explicitly shown in quantum statistics. 

3 The third case, when an interchange among particles in the same 
cell with tj would lead to a distinct microstate, is not discussed 
here. 

4 After this section Boltzmann's constant k is set to 1 to avoid 
confusion with the upcoming parameter k in Chern-Simons the- 
ory. 
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II. Entropy of quantum isolated horizons and the 
distinguishability of punctures 

In the second part of this letter, the statistical me- 
chanical properties of quantum isolated horizons will be 
treated following closely Q but without fixing the tem- 
perature T . Necessary results are summarized to give an 
easy access to the topic of the present letter. 

In Loop Quantum Gravity one effectively considers the 
quantum gravitational degrees of freedom of the quantum 
isolated horizon to consist of a gas of topological defects. 
These are punctures, which arise from the horizon being 
pierced by the edges of the spin network, which describes 
the bulk quantum geometry. The punctures are described 
by means of Chern-Simons theories with U(l)- or SU(2)- 
gauge groups coupled to point-like sources, where the 
gauge connection has non- vanishing support. For the 
short discussion here, only the SU(2) case will be con- 
sidered. The microstate counting is then accomplished 
using for example the relation between the Hilbcrt space 
of a S'[/(2)fc-Chern-Simons theory 5 on the bounding iso- 
lated horizon with the space of conformal blocks of the 
WZ WN-model living on the bounding 2-sphere S 2 p| . It 
can also be done directly in the S'i7(2)fc-Chern-Simons 
theory, without having to use the techniques of CFT @- 
Il2j and additionally, was achieved using the representa- 
tion theory of the quantum deformed SU q (2), where q is 
a non-trivial root of unity [l]|. All these approaches ar- 
rive at the following master formula. It gives the number 
of microstates W{ n .y associated to a quantum configura- 
tion {rij}, given by the number of punctures rij labelled 
by an irreducible representation pj 



wherein 



ILK-!) k + 2 



fe/2 
1=0 



k + 2 



sin( 



(2j + l)(2i+l)7r 
k+2 



sin(^) 



(19) 



(20) 



By taking the naive limit, where k — > oo and neglect- 
ing the next-to-leading order term 6 , one obtains up to a 
numerical factor 



(2j + 



(21) 



projections of j, which gives rise to + l) ,lj - The 

factor N\/Y\Arij\) is explained as in the first section. 
The thermodynamical properties of this system can only 
be analysed, if one introduces a notion of quasi-local en- 
ergy of the horizon. Isolated horizons don't allow for a 
unique notion of quasi-local energy, but with the help 
of a local first law for isolated horizons Q and an addi- 
tional physical input, e.g. the Schwarzschild spacetime, 
a unique notion of quasi-local energy can be given [J, Q ■ 
The natural quasi-local energy associated with a station- 
ary observer in Schwarzschild spacetime was there com- 
puted with the help of the Komar-mass integral giving 



E = 



A 



(22) 



wherein I denotes the proper distance from the horizon 
and is inversely proportional to the local surface gravity 
R 0,p. 

By using the operator version of (|22[) with the definition 
of the area spectrum of LQG [Hj], one obtains the scaled 
isolated horizon area spectrum as the energy spectrum of 
the punctures 

#I{M> = (?E^V7(J+T))lK}}, (23) 



where £ 2 = j£p, 7 is the Immirzi-parameter and l p is the 
Planck length. 

With the energy (|22|) and the total number of punctures 
N, the statistical treatment within the microcanonical 
ensemble is at hand using the number of distinct mi- 
crostates W{nj} for a quantum configuration {rij} as in 
(f2"TT) . With this, one searches for the dominant configura- 
tion n*, which maximizes the entropy, while considering 
the two constraints 



X>jVi(i + i) = 



A 



(24) 



enforced by the Lagrange multipliers a and A, respec- 
tively. 

This yields the dominant configuration 



N(2j + l) e - A v / J(i+ 1 )- 



with the consistency condition 



1 = e~ a J2(2j + l) e -V^+!), 



(25) 



(26) 



This is the number of distinct microstates associated with 
the given configuration {rij}, where one has m different 



5 Here k denotes the level of the Chern-Simons theory. Usually, but 
not necessarily, one considers the level to scale with the macro- 
scopical classical horizon area an oc k setting k — > 00. The case 
where k is fixed can be found e.g. in 

6 This term gives rise to the — 3/21ogyl correction of the entropy 
(e.g. calculated in HQ El). 



from which 17(7) can be computed. 

Using (3 = (dS/dE) N , one finds A = (3l 2 Jl. This is used 



to give the expression for the entropy 

S = log(W({n*})) = \^+<TN.7 



(27) 



7 In order to recover the Bckcnstein-Hawking area law [T9I . [20 
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Now this system shall be discussed in the canonical en- 
semble, in which the prime objective of this letter is most 
easily seen. For this, we need the canonical partition 
function 



punctures are taken to be indistinguishable. The canon- 
ical partition function simply has to get modified by the 
Gibbs factor, yielding 



{nj} 3 



(gj + 1) T 



(28) 



Z(T,N) 



(Zi) 



N 



N) ' 



(36) 



with ej = l 2 g jl \/ j(j + 1). By means of the multinomial 
theorem the partition function for distinguishable punc- 
tures is rewritten and gives 

N 



Crucially, the application of the average energy formula 
([3Uf gives also 



(E) = -N 



Zi 



(37) 



Z(N, T) = (Zx)* = (j2( 2 J + l)e _/5e ^ , (29) and together with (J3IJ and Stirling's formula, one obtains 



where Z\ denotes the one-particle-partition function. 
Using the standard formula for the average energy 



(E) = -d, 3 \ogZ = -Arfi, 



(30) 



and with 



S = ~^ d P 15 l °Z Z = + lo & Z ( 31 ) 



one arrives at 



P 



(32) 



This is certainly an extensive function in N, which is 
consistent with the requirement that the entropy of a 
system is equal to the sum of the entropies of its parts. 
The corresponding picture to the partition of a canister 
with volume V would be the admittedly exotic case of 
merging two black holes with common initial temperature 
T, each described by its quantum isolated horizon and 
respective quantum statistical description. According to 
(E2) 



Si + S 2 = (JVi + iV 2 ) ( logZi - p^- ) 



Stot - 

and then 



AS = S - S t , 



0, 



(34) 



which expresses, that theoretically this should be a re- 
versible process, when neglecting all sorts of radiative 
processes. 8 Now let us consider the other case, when the 



a relation between the temperature T and the horizon surface 
gravity was introduced in [jj Q] , giving at the leading order S = 
A/{Ul). 

The extensivity of the entropy from within the microcanonical 
ensemble is most easily seen, using (1 1 5 I t 



(35) 



S = lo g n = logl W {n . } 



evaluated using the multinomial theorem without seeking for the 
most probable configuration. This yields S ex N. 



S = N (bgZi - p J - logA^ , (38) 

which is certainly not an extensive function in N . Con- 
sequently, one obtains exactly 

Stot = Si + S 2 = eq.fEi - tog(JVi!JV a !) (39) 
and with this the entropy difference yields 

AS = S - Stot = log {^r- J < 0, (40) 
violating the second law of thermodynamics. 

III. Conclusion 

This analysis shows, that if the punctures were indis- 
tinguishable and their statistical distribution was cap- 
tured by Maxwcll-Boltzmann statistics corrected by the 
impact of the Gibbs factor, one would not arrive at a 
properly defined notion of entropy. To guarantee the ex- 
tensivity of the entropy function, the punctures have to 
be distinguishable. This is much like a model of a solid, 
consisting of a system of independent and localized par- 
ticles, where V — > oo and in the thermodynamic limit 
the pressure is P rj and S oc iV [l| . Its statistical prop- 
erties are of course different from the one of a classical 
ideal gas, where the Gibbs factor occurs and a very dif- 
ferent one-particle-partition function due to the different 
microdynamics is used. 

The early computations of black hole entropy in the 
framework of LQG were much shaped by paradigms set 
in @ , where it was shown by a (gauge) group theoretical 
argument, that one is restricted to consider only diffco- 
morphisms, which do not arbitrarily mix the intersec- 
tions (punctures) between the bulk spin network and the 
horizon surface. Physically this means, that these diffco- 
morphic horizon configurations cannot be distinguished 
from an external point of observation. Hence, physical 
states are defined as equivalence classes under these dif- 
fcomorphisms and from the statistical point of view one 
actually has to count such different equivalence classes. 
This implies, that any operation changing the order of the 
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configuration {rij}, gives a distinct microstatc. Applied 
to the above argumentation, we saw that any permuta- 
tion of punctures in the same representation pj does not 
give a new microstate, hence the 1/ .(nj!)-factor. On 
the other hand, any permutation exchanging punctures 
in different representations pj t , pj 2 gives a distinct mi- 
crostate, accounted for by the 7V!-factor. Together with 
the projection constraint this gives the total number of 
distinct microstates W[ nj y associated to the quantum 
configuration of punctures {nj}. 

Additionally, in pH it was argued that considering a 
counting different from the Maxwell-Boltzmann statis- 
tics, where the punctures are indistinguishable, would 
give rise to an entropy-area relation different from the 
form of the Bekcnstcin-Hawking area law, namely S cx 
\f~A. This was further elaborated in [22| and the case 
with the Gibbs factor treated here, could be added to 
the terminology presented and summarized there. 



Taking these arguments together, there seems to be 
strong evidence, that the quantum statistics of the iso- 
lated horizon is properly accounted for by the Maxwell- 
Boltzmann statistics for distinguishable entities. There 
is no Gibbs paradox occurring here, which answers also 
the question raised in [23| . 
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